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a continuum treatment of growth in tissue

broad goals

e mathematical and computational models of the processes of tissue development

o models that are physiologically appropriate and thermodynamically valid
o quantitative model motivated and validated by experiment

e experiments on and characterization of in vitro engineered tissue

o model drives the controlled experiments
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a continuum treatment of growth in tissue

development of biological tissue

distinct processes of tissue development: [taber - 1995]

e growth — addition/loss of mass

o densification of bone

e remodelling — change in microstructure

o alignment of trabeculae of bones to axis of external loading

e morphogenesis — change in macroscopic form

o development of an embryo from a fertilized egg
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a continuum treatment of growth in tissue

physics of growth

e open system with respect to mass
e interacting and interconverting species

e species diffusing with respect to a solid phase

o fluid, precursors, byproducts

e mixture physics

our treatment involves the introduction of sources, sinks and fluxes of mass
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a continuum treatment of growth in tissue

biological model

engineered tissue in vitro that is morphologically and functionally similar to
neonatal tissue: [calve et al., 2003]
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a continuum treatment of growth in tissue

modelling background

e cowin and hegedus [1976]: solid tissue; mass source; irreversible sources of
momentum and energy from perfusing fluid

e epstein and maugin [2000]: mass flux; irreversible fluxes of momentum and
entropy

e kuhl and steinmann [2002]: configurational forces motivate mass flux
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a continuum treatment of growth in tissue

modelling of biological growth - this work

e multiple species undergoing transport, interconversion, mechanical and
thermodynamic interactions

e other species deform with solid phase and diffuse with respect to it
e fully compatible with mixture theory

e detailed coupling of mechanics and mass balance

e thermodynamic consistency

e preliminary coupled computations
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a continuum treatment of growth in tissue

balance of mass

7

on

Q24

e tissue formed by reacting species — sources and sinks for species

e transport of precursors, fluid and byproducts — fluxes for species
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a continuum treatment of growth in tissue

balance of mass - equations

for a species ¢, in local form, in ),

6L
%ZHL—VX-ML,VL:O&,...,W

the sources/sinks satisfy
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a continuum treatment of growth in tissue

balance of mass - equations

for a species ¢, in local form, in ),

ab
%ZHL—VX-ML,VL:O(,...,W

for the solid phase
005

— II°
ot

ignoring short range motion of cells; e.g., during initial stages of wound healing
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a continuum treatment of growth in tissue

balance of mass - equations

for a species ¢, in local form, in ),

a L
%zﬂL—VX-ML, Vi=a,...,w
for the fluid phase
dp)
0 g - MY
ot *

if sources for interstitial fluids are absent; e.g., no lymph glands
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a continuum treatment of growth in tissue

balance of linear momentum

Q4

e linear momentum balance coupled with mass transport — sources/sinks and
fluxes contribute to the momenta

e material velocity relative to the solid V* = (1/p})FM"*
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a species ¢, in local form, in ),

0

Péa(VJFVL):p6(9+qb)+VX'PL—(VX(V‘FVL))MLa Vi=a,...,w
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a species ¢, in local form, in ),

0
Péa(V‘FVL):Pé(g+qb)+VX'Pb—(VX(V‘FVL))MLa Vi=a,...,w
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a species ¢, in local form, in ),

0

P(L)a(V‘FVL):P(L)(Q-HI")JFVX'PL—(VX(V‘FVL))M[% Vi=a,...,w
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a continuum treatment of growth in tissue

balance of linear momentum - equations

for a species ¢, in local form, in ),

0

P(L)a(V‘FVL):P(L)(g+qb)+vx'P"—(VX(VJFVL))M[G Vi=a,...,w

relation between mass sources II's and interaction forces gq*'s,

w

D (phg" +1I'V') =0

L=
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a continuum treatment of growth in tissue

kinematics of growth
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a continuum treatment of growth in tissue

kinematics of growth

e F2 is a kinematic “growth” tensor , F® = F°F" is the elastic deformation
gradient

L

. ~ €
e residual stress due to F'
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a continuum treatment of growth in tissue

energy, first law

balance of energy for a species ¢, in local form, in €2

Oe* : . .
pga =P"“F+P:VxV'-Vx-Q" +ri+pse" —Vxe - (M")
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a continuum treatment of growth in tissue

energy, first law

balance of energy for a species ¢, in local form, in €2

Oe* : . .
pga =P"“F+P:VxV'—-Vx-Q"+ri+ pse" — Vxe - (M")
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a continuum treatment of growth in tissue

energy, first law

balance of energy for a species ¢, in local form, in €2

L
, Oe

poa = P*: F + P VXVL—VX . QL -+ Té -+ IO(L)éL — VX@L . (ML)
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a continuum treatment of growth in tissue

energy, first law

balance of energy for a species ¢, in local form, in €2

L
, Oe

poa = PL:F—I—PL:VXVL —Vx- QL—I—T(L)—I-p(L)éL — V xe' - (ML)
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a continuum treatment of growth in tissue

energy, first law

balance of energy for a species ¢, in local form, in €2

L
, Oe

poa = PL:F—I—PL:VXVL —Vx- QL—I-T(%—FIO(L)@L — V xe' - (ML)
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a continuum treatment of growth in tissue

energy, first law

balance of energy for a species ¢, in local form, in €2

, 0e*

— P"F+P:VxV'—Vx- Q' + 15+ pie—Vxe - (M")

where the interaction terms satisfy the relation,

w

1 -
> (b v+ v I (e LV V) i) <o

L=
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a continuum treatment of growth in tissue

entropy, second law

rt . A Vx-Q  Vx0-Q°
Zpoat—z<§_VX”'M_ o o )

L=

combine first and second laws to get the dissipation inequality
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a continuum treatment of growth in tissue

constitutive relations

constitutive hypothesis: e = éL(FeL, )

constitutive relations consistent with the dissipation inequality:

Pt = « 9e ./, o hyperelastic material
pane yp
0 = g;i, & o thermal physics
Q'= —K'Vx0, Vi o fourierlaw

u-K'u> 0VueR?®  (semi-positive definite conductivity)
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for flux of each transported species:

gV oV

ML:DL
(-

+pyFlg+ F'Vx - P"— V(e —6n' ))

w- D'u > 0Vu € R

o D" is the mobility
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for flux of each transported species:

ov
M'= D' (—paFTE +ppF g+ F'Vx- P —Vx(e - W))

o driving force due to inertia
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for flux of each transported species:

oV
M' = D' (—PéFTE‘Fp(L)FTQ +F'Vx-P' = Vx(e' - W))

o driving force due to gravity
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for flux of each transported species:

%
M=D (_p 6FTW +poF g+F ' Vx-P' — V(e - 9#))

o driving force due to stress gradient — darcy’s law
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a continuum treatment of growth in tissue

constitutive relations

constitutive relation for flux of each transported species:

oV
M' = D' (—paFTW +ppF g+ F'Vx- P'—Vx(e - 977”))

o driving force due to a chemical potential gradient
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a continuum treatment of growth in tissue

reduced dissipation inequality

with the constitutive relations ensuring the non-positiveness of certain terms the
entropy inequality is reduced to

w

D — Z ( L 86 apo . PL: vab + pBVL . (agz 4 (VXVL) F—lvb))

P09 ot
~ 1
+ I <eb +5lIV + VL||2>

L=

w a B )
+Z( o=V +VHY—pig—Vx P +Vx(V+V (,O(L)F v )) -V <0
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a continuum treatment of growth in tissue

preliminary coupled computations

e biphasic model
o worm-like chain model for collagen

o nearly incompressible interstitial fluid with bulk compressibility of water, k' = 2.25 GPa
® fluid mobility D" from swartz et al. [1999]

e ‘artificial’ sources:

f f, f f
IT' =k (py—p

f
Oini)’ " = —TI
e entropy of mixing:
k L
Mg = — - log 22
M o
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a continuum treatment of growth in tissue

preliminary coupled computations

P 1l
— Q0O —
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a continuum treatment of growth in tissue

preliminary coupled computations - evolution of fields

view stress gradient-driven flux

view gravity-driven flux. view inertia-driven flux

view concentration gradient-driven flux

view total flux

view stress

view fluid source
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a continuum treatment of growth in tissue

summary and further work

e physiologically consistent continuum formulation describing growth in an open
system

e relevant driving forces arise from thermodynamics — coupling with mechanics

e consistent with mixture theory

o formulated a theoretical framework for the remodelling problem

o engineering and characterization of growing, functional biological tissue
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a continuum treatment of growth in tissue

biological model - morphological comparison

morphological comparison of the engineered constructs to 2 day old neonatal rat
tendon:

[calve et al., 2003]

E— - z - 3 ‘Ii‘* £ B 3 . .'

Engineered Tendon Construct Neonatal Rat Tendon
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a continuum treatment of growth in tissue

biological model - mechanical comparison

comparison of the stress-strain response of the engineered construct to embryonic
chicken tendon:

[calve et al., 2003]
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a continuum treatment of growth in tissue

cauchy stress

L LT . .
cauchy stress, J¢ o* = P'F° |, is symmetric
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a continuum treatment of growth in tissue

Worm-like chain model for solid collagen
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a continuum treatment of growth in tissue

Mass Balance - Equations

For a species, in the integral form

d
E/%(X,t)dV:/H”(X,t)dV_/M”(X,t)-NdAy Vi=a,..w (1)
Qo Qo 0

w
ph being the mass concentration of species ¢ and > pf = po
L=

The sources/sinks satisfy

zw: I = 0. (2)
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a continuum treatment of growth in tissue

Balance of Linear Momentum - Equations

For a species ¢, in the integral form written in ) is
d L L L L L L L
E/pO(VnLV)dV = /pong—l—/qudV—l—/H(V+V)dV
Qo Qo Qo Qg

+ / S'NdA — / (V+VHYM'-NdA  (3)
Qg Q0

¢= > q” (4)

Y=o, 9%
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a continuum treatment of growth in tissue

On application of balance of mass, in local form, for the entire system

S oo VAV =Y pi(g+a)+ Y Vx-S

w

) (Vx(V+ V)M (5)

L=

Relation between II*'s and g*'s,

> (phg" +TI'V*) =0 (6)
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a continuum treatment of growth in tissue

Balance of Angular Momentum - Equations

e In a purely mechanical theory, balance of angular momentum implies o0 = o *.

e For a single species ¢, in integral form in €2,

d L L L L L
—/soxpé(V+V)dV - /sox[po<g+q>+n<v+v>1dv
Qo Qo

+ / ¢ x (8" — (V + V") ® M") NdAT)
I
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a continuum treatment of growth in tissue

On simplification,

/VXp’(’)V”dV = —/e: S"—(V+VHe M., Ft dV (8)
Qo 20 p(L)F_lvb

On localizing,
L L L p—1y e T L L L —1x 0\ T
(8" —V'@pyF~ 'V )F =F(S' - V'QpF V") (9)
But, (V'QF 'VY)F' = V'Q@V*, which implies the symmetry: S‘F' = F(8)T

This implies the partial Cauchy stresses are symmetric: o = (o*)*!
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a continuum treatment of growth in tissue

Balance of Energy - Equations

d 1
a/pg (eb+§||V+VLH2) dV:/(pgg-(V+VL)+r6)dV

Qo Qp

+/p6qL (V+VHdV
Qo

1
+/ (H” (eL + §HV + VL||2> +pgéb> dV

Qo

[ (vevysom (@ gveviE) - @) Naa 0
020
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a continuum treatment of growth in tissue

On simplification localizing, and summing over all ¢,

Zpé% = > (SL:FJFSL:VXVL ~-Vx Q' +r6+pgéb)
—ZVXGL : (ML) (11)

Where é* satisfies the relation,

w

1
S (péq” (V+VY)+1I (eb +5llv + v&n?) + pg)éb) —0 (12)

L=
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a continuum treatment of growth in tissue

The different terms - Mechanics

In the reference configuration (1,

IT* is the source/sink term for species ¢

M"* is the mass flux term for species ¢

S* is the partial first Piola-Kirchhoff stress on species ¢
N is the outward normal at the surface

g is the body force acting on the entire system
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a continuum treatment of growth in tissue

The different terms - Mechanics

In the current configuration €2,

7" is the source/sink term for species ¢

m‘ is the mass flux term for species ¢

o' is the partial Cauchy stress on species ¢

n is the outward normal at the surface

g is the body force acting on the entire system
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a continuum treatment of growth in tissue

The different terms - Mechanics

V is the velocity of the solid phase
V" is the material velocity relative to the solid phase defined as V* = (1/pf) FM*
g’ is the net force exerted on species ¢ by all other species in the system
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a continuum treatment of growth in tissue

The different terms - Energy

e’ is the internal energy of each species ¢

F' is the deformation gradient

Q" is the heat flux term for species ¢

ry Is the heat supplied to species ¢ per unit reference volume

e is the internal energy transferred to species ¢ from all other species
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